In this article a route to analyze the full optical response of plasmonic structures is developed. First, the simple case of an anisotropic thin plasmonic layer supported on a transparent substrate is analyzed by introducing a quantity named anisotropic surface excess function (ASEF). The spectral features are analyzed in terms of effective dielectric function, demonstrating a more direct relation with the plasmonic response of the layer. The formalism is then generalized using a transfer matrix method. The formalism developed is supported by experimental evidence obtained by measuring the response of anisotropic nanoparticle arrays grown at a glancing angle. The agreement between theory and experiment is clear, suggesting that SE can be conveniently employed to measure the spectroscopic response of plasmonic structures. It is also demonstrated that the figure of merit of the plasmonic resonance for refractive index sensing can be greatly improved, with optimized measurement configurations, using polarized spectroscopy.
I. INTRODUCTION
The interaction between electromagnetic waves and free electrons in a low-dimensional metallic structure results in surface plasmon effects. 1, 2 These can be considered as the normal excitation modes of the systems and have been the subject of tremendous interest due to their application as biological sensors, [3] [4] [5] [6] enhancement effects, [7] [8] [9] and solar cell applications. [10] [11] [12] When a metal nanoparticle (NP) is excited the electrons are highly localized and decay rapidly within the structures, resulting in localized plasmon resonances (LPRs).
LPRs manifest themselves by strong absorption/reflection peaks whose positions depend on the shape, size, and aspect ratio of the NPs, on the property of the surrounding medium, and on the interaction between the NPs. 13 Their behavior is usually analyzed using conventional spectroscopic methods in the far field, but recently their charge distribution has been also addressed using more specific characterization methods such as cathodoluminescence, 14, 15 transmission electron microscopy, 16 and electron energy loss spectroscopy. 17 The main limitation of conventional absorption spectroscopies is it allows one to monitor only in-plane properties of the plasmonic structures due to the inherent difficulties in the measurement geometry. To overcome this problem spectroscopic ellipsometry (SE) can be utilized as it can analyze changes in the polarization state of a linearly polarized beam reflected at oblique angles of incidence. 18, 19 SE analysis has been extended to magnetic 20 or anisotropic samples 21 using generalized ellipsometry. Scattering and depolarization properties of the samples can also be addressed and separated by normal specular reflection. However, SE spectra are difficult to analyze as the response of the whole system needs to be modeled and compared with experiment to analyze the properties of the samples investigated. 18 For this reason, the number of studies of plasmonic structures using SE is still limited. [22] [23] [24] [25] [26] [27] Previously it was demonstrated by our group 28 that a quantity, named anisotropic surface excess function (ASEF), could be extracted from the experiment and the response of ultrathin plasmonic layer (<10 nm) directly analyzed. The advantage of ASEF is that it depends only on the optical properties of the plasmonic layer, allowing the modeling of the nanocomposite layer alone. 28, 29 However, the validity of this approach appears to be limited to very specific cases, namely uncapped, thin plasmonic layers.
In this article a general approach based on a transfer matrix formalism has been developed. The method is general and can be adapted to multilayer structures, magnetically active, and anisotropic materials. The theory developed here is compared with measurements on samples produced using a self-assembled method based on a glancing angle deposition on a stepped template. [30] [31] [32] [33] Adatoms are evaporated at shallow angles of just a few degrees onto a faceted c-plane Al 2 O 3 surface. Parts of the surface are shadowed by the facets, resulting in adatoms being only deposited in exposed areas, spontaneously rearranging into NP arrays [see Fig. 1(a) ]. The technique is simple and large homogeneous areas covering the entire surface are realized. Furthermore, the technique has been shown to be largely independent of the deposited metal type as NP arrays of different materials have been produced using this method. 34 To provide a basis for understanding the optical response, the measurements will first be analyzed using the ASEF approach and modeled with a dipolar model previously developed.
35 A more general formalism will then be introduced and different effects which induce changes in the overall optical response of such samples will be systematically analyzed. We will demonstrate a main advantage that polarized spectroscopy offers in monitoring changes in the refractive index of the medium surrounding the probed NPs when compared with absorption spectroscopy. Sharper resonances can be measured on the same sample, increasing the figure of merit [FoM = λ/( n )], defined as the shift in resonance ( λ) with changes in refractive index ( n) divided by the width of the plasmonic peak ( ). We will demonstrate that by changing from a normal incidence measurement to oblique angles, using polarization based optics, an increase in FoM of up to 5 times can be achieved for our structures. This could improve the detection limit of refractive index based sensors.
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II. EXPERIMENTAL METHODS
Noble metals NP arrays have been produced by glancing angle deposition on single crystal c-plane Al 2 O 3 templates. The substrates were off-cut 6
• along the [1210] direction and polished on one side. To produce the faceted surfaces, a sample was annealed at 1400
• C in atmosphere for 16 h. 37, 38 AFM analysis confirmed the texturing of the template with a measured periodicity L y = 130 nm. The sample was then loaded in a ultrahigh vacuum chamber (base pressure 2 × 10 −8 mbar) and Ag was deposited at a glancing angle of 6
• . The nominal deposition rate, calibrated at normal incidence, was 2.8 nm/min and the sample was exposed for 30 min. The deposition was performed at room temperature.
Subsequently, the in-plane morphology was imaged by a field emission Carl Zeiss ULTRA scanning electron microscope (SEM). SE measurements were performed within a few hours of exposure of the sample to atmosphere using a Woollam M2000 variable angle spectroscopic ellipsometry system, equipped with a rotating compensator and a high speed CCD camera. The measurements were performed with a spectral range of 245-1600 nm. The sample was aligned at each angle of incidence and rotated manually around the surface normal (azimuthal rotation ϕ). The estimated error in the accuracy of the rotation angle was established to be ±5
• . After these measurements, a Ag NP sample was capped with a 50 nm Si 3 N 4 layer to facilitate TEM analysis. The deposition was performed using a plasma enhanced chemical vapor deposition using 5% SiH 4 and NH 3 as precursors (1:6 ratio) .
In order to analyze the out-of-plane morphology of the Ag capped sample, TEM out-of-plane sections were prepared using a Carl Zeiss Auriga CrossBeam FIB-SEM. Once prepared, the section was imaged by a Titan TEM operating at 300 kV. The substrate was aligned to the 1010 zone axis for imaging. In all cases the images were acquired in bright-field mode.
III. NANOPARTICLE GROWTH AND ASEF FORMALISM
The SEM of the in-plane structure deposited at a glancing angle is shown in Fig. 1(b) . The structure appears as a collection of ordered NP arrays aligned along the step edges as previously reported. The in-plane semiaxes (average R x = 12 nm and R y = 10 nm) are well below the optical diffraction limit and the plasmonic layer can therefore be considered as an homogeneous anisotropic layer with an effective dielectric function ε L . As the average center-to-center distance L x is 27 nm, the interparticle separation (∼3 nm) is much smaller than the average NP diameter and a strong enhancement of the electric field is expected to take place in the interstitial space between NPs. In order to fully characterize the sample, the out-of-plane morphology has been also analyzed by TEM [see Figs. 1(c) and 1(e)], revealing the NPs appear as truncated ellipsoids of height H = 17 nm. Details of the growth mechanism of such structures can be found elsewhere. 35, 39 In the following, the in-plane directions will be referred as x (along the NP rows) and y (perpendicular to the rows), while the out-of-plane direction will be defined as z (see sketch in Fig. 2 ).
The response of the as-grown structures has been first analyzed by SE using a fixed angle of incidence = 61
• , and by changing the azimuth of the sample in the plane of incidence by an angle ϕ [see sketch in Fig. 2(a) ]. This incidence angle was chosen as it corresponds to the Brewster angle of the substrate. In this way, the difference between r p and r s is maximized and the response of the system can be analyzed more accurately. 28 Usually, ellipsometric observables are expressed in terms of the complex reflection ratio ρ = r p /r s = tan e i . The elliptical polarized light after reflection is characterized by the rotation of the ellipse ( ), typically expressed as amplitude of the complex reflection ratio tan and the phase shift ( ). A clear difference in the ellipsometric response can be observed in in Fig. 2(b) between the parallel (ϕ = 0
• ) and perpendicular (ϕ = 90 • ) measurement configuration. However, this does not provide direct and immediate information on the dielectric properties of the plasmonic NPs themselves. A simple solution for accessing the dielectric properties of the plasmonic features is achieved by defining the psuedo-(effective) dielectric function for the whole bulk system, which can be extracted from the raw measurements using
In this case, superimposed to the substrate dielectric function, resonances are clearly visible in Fig. 2(c) for the real part of ε , and the resonance position blues shifts upon increases of the azimuthal angle rotation (see inset). Following previous studies of similar structures, a quantity, named anisotropic surface excess function (ASEF) 28 has been extracted from the experiment to obtain quantitative information on the optical properties of the NP layer itself. The advantage of introducing the ASEF method relies on its simplicity as it depends only on the response of the plasmonic layer alone and can therefore be modeled using simple analytical or numerical methods. 29, 40 In particular, the plasmonic layer investigated here has been modeled as a collection of supported identical ellipsoids placed on a rectangular lattice, and interacting through dipolar forces. This method has been previously used to reproduce the anisotropic optical response of similar NP arrangements. 28, 35 The ASEF extracted from this experiment and modeled data are shown in Figs. 2(e) and 2(f). A semiquantitative agreement is clearly observable using values for average NP dimensions and separation obtained from SEM and TEM images. There is a clear correspondence between the measured ASEF and the modeled dielectric function of the layer, shown in the inset in Figs. 2(e) and 2(f), highlighting the usefulness of this approach. For the parallel measurement configuration, the resonance at ∼2.2 eV is then referred to a resonance along the array (x resonance), while the minima at higher energy is attributed to a z resonance. The opposite sign in the out-of-plane z resonance is due to the discontinuity of the perpendicular component of the electric field in Maxwell boundary conditions. 41 Once ϕ is increased, the resonance shifts towards the blue as the mode along the y direction, which resonates at a higher energy of ∼2.9 eV, is also excited. The behavior can be quantitatively described by introducing a rotation matrix for the layer dielectric function. In this case the peak height is expected to follow a ε L,x cos 2 ϕ + ε L,y sin 2 ϕ. The inset in Fig. 2(c) illustrates this trend for the 2.2 eV x-resonance intensity.
For thin anisotropic plasmonic layers, as the one here reported, a direct comparison between theory and experiment can be achieved by introducing the pseudodielectric function, and extracting the response of the anisotropic plasmonic layer along the sample anisotropic main axes (ϕ = 0
• and 90
• ) at the substrate Brewster angle. In this case the resonances can be immediately attributed to the in-plane and out-of-plane resonances along the symmetry directions of the system. The limitation in the modeling is most clearly seen in the small discrepancy in the y resonance position. However, it should be stressed here that no fitting parameter has been used in the simulation and that the simulated spectra are obtained using only morphological parameters measured by SEM micrograph analysis. In addition quadrupolar effects, more dominantly seen in the UV, have been neglected in these simulations. 39 235428-3
IV. EXTENSION USING A TRANSFER MATRIX FORMALISM
In the previous section it was shown that the ASEF approach can be successfully applied to the analysis of plasmonic layers. However, the ASEF can only be used in case of a three phase system (substrate, plasmonic layer, and air), the nanocomposite layer is thin, the substrate response is isotropic, and the optical axes are aligned with the high symmetry axis of the system. In particular, the ASEF approach becomes inaccurate when multilayer structures or thick plasmonic layers are considered, rendering its application limited to very specific cases. The problem can be overcome, if the effective dielectric function of the NP layer is treated as an embedded layer in a full optical model using the transfer matrix approach. Originally formulated for isotropic media, 42 it has been formulated in a more general fashion by Schubert. 43, 44 This method can be applied whenever the thickness and the dielectric function of each layer composing the system are known. Following this approach, a four vector is defined for the p and s components of the electric E and magnetic H field and each layer can be then defined by a 4 × 4 partial transfer matrix T p . By knowing the dielectric properties of each layer, the partial transfer matrix of each individual layer can be calculated and the full response of the system derived. In this way, an expression of the complex reflection coefficient can be obtained and compared to the experiment.
The validity of this approach is first tested on the same sample for parallel and perpendicular configuration by comparing the simulations with spectra measured at different angles of incidence. As before, also in Fig. 3 resonances appear in the real part of the pseudodielectric functions. Compared to common bulk materials, the effective response of the system studied here strongly depends on the angle of incidence of the incoming light and reaches remarkably high values at the x-resonances energy. As the polarizability of a material is proportional to its dielectric function, a strong electric field displacement is hence expected within the NP layer, as for any plasmonic structure at resonance. The sample is however anisotropic, and the reflection coefficient depends also on the azimuthal angle. Excellent agreement between experiment and theory was found for both the real and imaginary component using an effective NP layer thickness d = 1.5 nm, confirming the formal equivalence of the previously discussed three layer model (ASEF) with the transfer matrix approach for our samples. For the perpendicular configuration [Figs. 3(b) and 3(d)], there is qualitative agreement in the y-resonance peak shift upon changes in angle of incidence, but peak positions and intensity are overestimated. The disagreement is attributed to the previously mentioned difference in measured and simulated y resonance position originating from an oversimplification in the dipolar model.
Of particular interest is the fact that, for the ϕ = 0
• measurement configuration [ Fig. 3(a) ] the intensity of the positive peak at 2.2 eV increases by a factor of ∼5 when going from = 70
• to = 45
• , increasing the signal to noise ratio. At the same time the resonance sharpens, resulting in an increase in its figure of merit (FoM) by a factor of ∼3. In case of anisotropic samples, the possibility of measuring such sharp resonances could be of great interest, as its FoM is • to the array, for different angles of incidence . The simulated pseudodielectric functions for the two cases calculated using the transfer matrix formalism are shown in (c) and (d), respectively. greatly increased. These effects are well reproduced by the simulation, which also suggest that the FoM can be even further increased at a measurement angle of ∼35
• , a possibility that instrumental limitations did not allow us to explore. These results suggest that the sensitivity of refractive index plasmon-based biosensors can be increased significantly by choosing an appropriate angle of incidence and measuring polarized reflectance ratios. • and = 45
• . At the 2.2 eV resonance a = 180
• phase shift occurs upon reflection. At the same time, for the 45
• incidence angle, the amplitude ratio tan reaches values close to one, hence explaining the increase in the intensity of the resonance observed in Fig. 3 .
As a representative example, in Fig. 4 a comparison is shown between the simulated absorption and SE spectra when the NP arrays are surrounded by different dielectric media. The absorption profiles were obtained using the relation A abs,x ∝ Im[ε L,x ]/λ. 45 As expected, an increase in the refractive index surrounding the NPs redshifts the x resonances. However, a much sharper profile is obtained for the pseudodielectric function, leading to a narrowing of the peak of ∼5. Similar enhancements have been recently reported for in-plane symmetric systems when measuring the phase difference between the p-and s-polarized components as a function of the incidence angle. 25 It is clear that measuring relative changes in p-and s-polarized reflection, using an optimised measurement configuration, offers the possibility of significant improvement in the FoM of plasmonic sensors. Phase sensitive measurements appear then as a sensitive route which can lead to single molecule recognition, as recently discussed. 46 To understand the origin of the observed changes in the pseudodielectric function intensity, the simulated tan and have been plotted in Fig. 5 for two angle of incidence ( = 65
• and = 45
• ). It can be noticed that at resonance a 180
• phase difference between r p and r s occurs for both angle of incidence. However, at a shallower angle of incidence, the complex ratio amplitude tan reaches larger values as the intensity of the p-and s-polarized reflection is comparable. In this way, the denominator in Eq. (1) approaches zero and a singularity appears for the overall system response. Sharper and more intense resonances can be measured whenever the intensity of the reflection coefficients are comparable and at the same time a phase retardation of π takes place. This is a general condition which can be verified for different anisotropic systems.
The transfer formalism can be also adapted to other optical characterization methods, such as reflectance anisotropy spectroscopy 39 and different materials. The theory could be extended to magnetically active systems 44 and core-shell plasmonic structures, 47 and a complete analysis on the behavior of each reflection coefficient becomes possible. This more general approach appears to be a more suitable and convenient method to simulate and analyze the spectroscopic response of plasmonic structures, even included within multilayer structures.
In the following, the effect of increasing the NP layer thickness is finally addressed, while the NP size and distribution on the substrate remains fixed. As previously pointed out, simulations using transfer matrix require a given optical thickness for each layer composing the stack. For inhomogeneous plasmonic layer as the one here investigated, its effective thickness is not equivalent to the NP height. During previous simulations, a thickness of 1.5 nm was considered, in line with the nominal deposited Ag thickness for the system of 1.3 nm. While this is a crude estimation it resulted in amplitudes comparable to those measured in the experiment. Figure 6 shows the simulated SE spectra for increasing layer thickness d. To simplify the analysis, the plasmonic layer was assumed to be in-plane isotropic (R x = R y = 20 nm and R z = 7.5 nm), and with an Ag particles spacing large enough to disregard any interparticle coupling (N = 7 × 10 13 N P/m 2 ). The self-image charge produced by the substrate is still taken into account. With these parameters, the dielectric function of the layer is shown in Fig. 6(a) . As the sample is in-plane isotropic, ε is now independent of the azimuthal rotation angle ϕ. Figures 6(b) and 6(c) show that changes in the plasmonic film thickness result in a strong modification of the SE response.
In particular, it can be noticed that for ultrathin structures, the plasmonic resonances appear in Re[ ε ] and its imaginary part assumes unphysical negative values. These changes are related to the presence of the plasmonic layer, which heavily modifies the polarization properties of the reflected beam as also shown in the experiment in Fig. 2 . This phenomena are characteristic for ultrathin layers, as it can be shown that
. 29 In particular, this proportionality relation is valid whenever the plasmonic film is thin, i.e., 28 d λ
Figure 6 now allows a more precise quantification of Eq. (2): Even for an effective plasmonic layer of 5 nm a mixture between the layer and effective dielectric functions takes place and the simple proportionality is no longer valid. It would be then of great interest to understand how the NP height affects the effective plasmonic layer thickness. This possibility cannot be easily investigated using the glancing angle deposition method described here as the NP produced are usually smaller than 20 nm. However, it appears that large layer thickness results in an even more complex behavior that is difficult to relate directly to the plasmonic features, but can be addressed easily using the transfer matrix approach. During the simulation throughout the text, the anisotropy of the substrate has been disregarded. Even though Al 2 O 3 is a well known birefringent material, no change were observed in the simulations by using its ordinary or extraordinary refractive index. For simplicity, the ordinary refractive index has been used. The transfer matrix approach has been formulated in a fully anisotropic picture, 43, 44 and hence our limitation to an anisotropic simulation is just a simplification for convenience. The SE response originated by plasmonic structures depends on many contributing factors, such as NP morphologies, material composition, and substrate dielectric function. The overall response can be heavily modified by changes in any of them. In particular, it has to be noted that the discussion of the FoM by directly using the pseudodielectric function is another simplification allowed by the use of a transparent substrate. Once nontransparent substrates are used the dielectric properties of the NP layers have to be extracted by optical models, as it is standard practice in ellipsometric analysis. Using the general approach described here, the unknown parameters can be treated as fitting parameters and the modeling refined using the standard ellipsometric approach to multilayer structures. 18 In this case, clearly, analytical models for the NP dielectric function, as used here, are much more suited for fast convergence.
V. CONCLUSIONS
We have demonstrated and developed a methodology to investigate the spectral response of complex plasmonic material systems. Simulations were compared with the response of anisotropic NP arrays grown at glancing angles and measured using SE. First, the anisotropic surface excess function (ASEF) was introduced and it was shown how the plasmonic response of layer can be directly extracted. The formalism is further generalized utilizing a transfer matrix method. Different effects that can lead to a modification in the response of the system were discussed and the methodology for a complete analysis outlined. The approach can be used for thick NP layers, anisotropic systems, and different materials, and can be extended to magnetic systems and core-shell structures. 47 The results show two advantages over other approaches. First, as SE can measure both the in-plane and out-of-plane response, this technique provides a more stringent test of the validity of models of the plasmonic response. Second, for these anisotropic layers the resonance FoM can be significantly increased at a particular angle of incidence. Measuring the change in the p-and s-polarized reflectance at an optimum angle of incidence could lead to a great improvement in the sensitivity of biological sensors based on the detection of changes in the dielectric medium surrounding the NP layer.
